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Abstract
When options are traded, one can use their prices and price changes to draw
inference about the set of risk factors and their risk premia. We analyze tests
for the existence and the sign of the market prices of jump risk that are based
on option hedging errors.
We derive a closed-form solution for the option hedging error and its expecta-
tion in a stochastic jump model under continuous trading and correct model
speciﬁcation. Jump risk is structurally diﬀerent from, e.g., stochastic volatility:
there is one market price of risk for each jump size (and not just the market
price of jump risk). Thus, the expected hedging error cannot identify the exact
structure of the compensation for jump risk.
Furthermore, we derive closed form solutions for the expected option hedging
error under discrete trading and model mis-speciﬁcation. Compared to the
ideal case, the sign of the expected hedging error can change, so that empirical
tests based on simplifying assumptions about trading frequency and the model
may lead to incorrect conclusions.
JEL: G12, G13
Keywords: Stochastic jumps, market prices of risk, discrete trading, model
mis-speciﬁcation, hedging error1 Introduction and Motivation
It is the goal of asset pricing theory to explain expected excess returns on ﬁnancial assets.
The two key issues are the identiﬁcation of the relevant risk factors, and the determina-
tion of the associated market prices of risk. Given this information the expected excess
return can be computed for an arbitrary contingent claim. In derivative pricing researchers
are particularly interested in stochastic volatility (SV) and stochastic jumps (SJ), which
represent the main risk factors, besides the price risk of the underlying, discussed in the
option pricing literature. An important example is the model developed by Bakshi, Cao,
and Chen (1997). SV and SJ are distinctly diﬀerent, as shown by Das and Sundaram
(1999) and by Carr and Wu (2003) who discuss the implications of SV and SJ on the
pricing of derivative securities. Further diﬀerences will be discussed in this paper.
The focus of this paper is on jump risk. We analyze the theoretical properties of tests
that try to identify the pricing of jump risk from the properties of option hedging errors.
The main idea of these tests is that the expected return of an option depends on the
compensation for stock price risk and some other risk factors. Once stock price risk is
eliminated via a standard delta hedge the remaining hedging error is due to these other
risk factors and can thus be used to learn something about the associated market prices
of risk. Note that our goal is not to ﬁnd the risk-minimizing hedge with the smallest
possible error, but to use the hedging error to identify risk factors and to learn about the
characteristics of the associated risk premia.
When a researcher tries to apply this approach in an empirical study he or she is faced
with (at least) two problems. Although the theory is usually developed in continuous
time, there will be only discrete observations in real data. Furthermore, in an empirical
application the true model is not known. The additional question is thus whether we can
still identify the jump risk premium in case of discrete trading and model mis-speciﬁcation.
Stated diﬀerently, we investigate the robustness of tests developed in continuous-time
models when these tests are performed in an economy with discrete trading and a true
model which is unknown to the researcher.
1Recently, there has been growing research interest in the question whether there are
additional risk factors besides stock price risk, and whether these risk factors are priced.
Based on the result that the pricing kernel can be spanned by two assets if and only
if there are no additional risk factors besides price risk of the underlying, Buraschi and
Jackwerth (2001) perform an empirical test and ﬁnd that due to the presence of additional
risk factors deterministic volatility models appear to be misspeciﬁed. Coval and Shumway
(2001) empirically show that option returns cannot be explained by the risk-free interest
rate and stock returns, and Bakshi and Kapadia (2003) perform a hedging test with the
main result that options cannot be hedged by the stock and the money market account.
These papers suggest the presence of additional risk factors on options markets. Branger
and Schlag (2003) analyze the properties of standard option hedging tests for the market
price of volatility risk. Their main ﬁnding is that discretization error and model mis-
speciﬁcation will in many cases destroy the relationship between the sign of the expected
hedging error and the sign of the volatility risk premium, which holds under the ideal
scenario of continuous trading and correct model speciﬁcation.
The contribution of this paper is an analysis of hedging based tests to infer the mar-
ket prices of risk for stochastic jumps. We derive closed-form solutions for the expected
hedging error (EHE) not only under ideal conditions, but also for the empirically relevant
situations of discrete trading and for model mis-speciﬁcation. Although the analysis is
very formal in nature we also focus on the economic interpretation of the results derived
in our propositions and corollaries. We show how to use the EHE to learn about the
market prices of jump risk, and we discuss limitations due to the specialness of jump risk
is special (compared to SV), and due to discretization and model mis-speciﬁcation.
Jump risk is more diﬃcult to hedge than volatility risk, since one has to set up a
hedge against every possible jump size. The number of hedge instruments is thus equal
to the number of possible jump sizes, and each jump size can be interpreted as one risk-
factor with an associated market price of risk. The identiﬁcation problem of all these risk
premia is therefore much more demanding than in the case of SV. As an aside, we show
that the fact that there is one market price of risk for each jump size also implies a more
2complicated general structure for the risk premia of assets. For example, the jump risk
premia on a call option and on its underlying asset may have diﬀerent signs, despite the
fact that the stock and the call react to a jump in the same direction.
In the course of the analysis of option hedging errors under ideal conditions we show
that the risk of the option can be decomposed into an exposure to stock price risk and
an additional exposure to jump risk that is not captured by the option delta. The EHE is
shown to depend on this additional exposure to jump risk and the associated premium.
Under the additional restriction that only jump intensity (but not jump size) is priced,
the EHE identiﬁes the sign of market price of jump intensity risk. The EHE is highest for
short term at-the-money (ATM) options, so these options are basically well-suited for an
empirical identiﬁcation of the market prices of jump risk.
We then analyze the impact of model mis-speciﬁcation and of discretization on the
EHE. Concerning the impact of model mis-speciﬁcation we ﬁnd that the diﬀerence between
the EHE under this scenario and the ideal EHE depends on the slope of the volatility smile
and on the risk premium of the stock. For a positive premium and a downward sloping
volatility smile, the EHE is higher than in the ideal case. In case of discretization error
the diﬀerence to the ideal EHE is caused by a stale hedge ratio. It has two components, a
diﬀusion component depending on the gamma of the claim and a jump component, which
is related to the discrete changes in delta caused by jumps. Our numerical examples show
that the diﬀerences between the EHEs under discrete trading and model mis-speciﬁcation
and the ideal EHE are highest for short term ATM options. This is an important result,
since it shows that ATM options are not as useful empirically for the identiﬁcation of
jump risk premia as they might appear from a theoretical perspective.
The remainder of the paper is organized as follows. The main idea of a hedging-based
test for the sign of the jump risk premium as well as some deﬁnitions related to hedging
errors are presented in Section 2. Section 3 introduces the model setup with SJ and
provides a discussion of expected returns on the stock and on associated contingent claims
in the presence of jumps. Closed-form solutions for the EHE under ideal conditions as well
as under discretization and model mis-speciﬁcation are presented in Section 4, where we
3also provide some numerical examples. Section 5 gives the conclusion and makes some
suggestions for further research.
2 Hedging Based Tests
2.1 Idea
The return on a contingent claim can be explained by the short rate and the risk factors
it is exposed to, like, e.g., stock price risk, SV, or SJ. When we hedge the contingent claim
using the stock and the money market account, we control for the impact of stock price
risk, so that the hedging error can be attributed to non-traded risk factors. The key idea
of the hedging based identiﬁcation of risk premia represents some kind of re-engineering
in using this hedging error to learn something about the market prices of risk of these
risk factors. In a ﬁrst step one may simply be interested in the sign of the premium, as
are Bakshi and Kapadia (2003) or Branger and Schlag (2003). We discuss whether and
how this idea can be used to identify the market prices of jump risk.
The implicit assumption of such a test is that we can indeed eliminate stock price risk
completely. However, in empirical studies, there are two problems, the consequences of
which will also be analyzed in this paper. First, trading does not take place continuously.
Second, the true data-generating process is not known, so that the researcher is likely to
use a mis-speciﬁed model to set up the hedge.
It should be noted explicitly that this paper is not on risk management, and our
objective is not to minimize the residual risk of the hedge portfolio, but to identify the
market prices of risk. However, in practical applications, simple delta hedging strategies
and the use of the Black-Scholes (BS) model to set up hedges are highly relevant, and
since we discuss the properties of the resulting hedging error both for continuous and for
discrete trading, our results are also of interest to practitioners.
42.2 Hedging Strategy and Hedging Error
A hedge portfolio is characterized by its initial value Π0 and by a trading strategy. At
time t the number of shares of the stock in the portfolio is given by Ht, and the investment
in the money market account (earning a deterministic interest rate r) is determined such
that the portfolio is self-ﬁnancing. This yields a value of the hedge portfolio at time t
given by
Πt = e
rt
￿
Π0 +
Z t
0
e
−ruHu(dSu − rSudu)
￿
where St is the price of the underlying at time t.
The hedging error at time t, Dt, is the diﬀerence between the price Ct of the contingent
claim and the value of the hedge portfolio, Ht, i.e.
Dt = Ct − Πt.
Analogously, the hedging error over the interval from t to t + τ is deﬁned as
D(t,t + τ) = (Ct+τ − Πt+τ) − e
rτ (Ct − Πt).
In the following, we concentrate on the hedging errors over a single period with discrete
length. In case of continuous hedging, the hedge ratio can change at every point in time.
The continuous hedging error over the interval [t,t + τ] is denoted by Dc(t,t + τ), and it
is given by
D
c(t,t + τ) = (Ct+τ − Πt+τ) − e
rτ(Ct − Πt)
= e
r(t+τ)
￿Z t+τ
t
e
−ru(dCu − rCudu) −
Z t+τ
t
e
−ruHu(dSu − rSudu)
￿
.(1)
In case of discrete hedging, the hedge portfolio is only rebalanced at the discrete trading
dates 0 = t0 < t1 < ... < tn, where tn ≡ T is the maturity date of the derivative contract.
The hedge ratio over the interval [ti,ti+1] is constant and equal to Hti, i.e. to the value
at the beginning of the period. The discrete hedging error over the interval [ti,ti+1] is
denoted by Dd(ti,ti+1) with
D
d(ti,ti+1) = Cti+1 − Ctie
r(ti+1−ti) − Hti
￿
Sti+1 − Stie
r(ti+1−ti)￿
. (2)
53 Jump-Diﬀusion Model
3.1 Model Setup
We consider a jump-diﬀusion model. The stock price process under the physical measure
P is represented by the stochastic diﬀerential equation
dSt = µSt−dt + σSSt−dW
S
t + St−
￿
XtdNt − h
PE
P[X]dt
￿
, (3)
where N is a Poisson process with an intensity under P denoted by hP. The sizes X of
the diﬀerent jumps are assumed to be independent and identically distributed. The mean
jump size under P is equal to E
P[X] and −1 is a lower bound on the jump size. For ease
of notation, we assume that the jump intensity, the distribution of the jump size, the drift
µ, and the volatility σS neither depend on calendar time t nor on the current stock price
St.
Under the risk-neutral measure Q the dynamics of the stock price are
dSt = rSt−dt + σSSt−df W
S
t + St−
￿
XtdNt − h
QE
Q[X]dt
￿
. (4)
When changing the measure from P to Q we introduce a new standard Brownian motion
df W S
t according to
df W
S
t = dW
S
t + λ
Wdt
with λW as the market price of W-risk. For the jump risk component, the intensity
changes from hP to hQ, and the distribution of the jump size changes from P(dx) under
the physical measure to Q(dx) under the risk-neutral measure. An interpretation of these
changes in terms of risk premia will be given in Section 3.2. Technical details on the
change of measure for the jump process can be found in the appendix.
63.2 Expected Return on the Stock
In our model the expected return on the stock is given by
µ = r + σSλ
W + E
P[X]h
P − E
Q[X]h
Q
= r + σSλ
W +
Z ∞
−1
x
￿
h
PP(dx) − h
QQ(dx)
￿
. (5)
Note that the stock is exposed to diﬀusion risk and to jump risk, which is diﬀerent from
the case of SV, where the stock as a linear contract is not exposed to SV. It is important
to be clear about the terminology. In the following discussion the term ’diﬀusion risk’
relates to W, ’jump risk’ relates to X and N, and ’stock price risk’ sums up diﬀusion risk
and jump risk. The exposure to diﬀusion risk is measured by the volatility coeﬃcient σS.
To be hedged against this type of risk, we need one instrument with non-zero diﬀusion
sensitivity, and consequently, there is one market price λW of diﬀusion risk.
On the other hand, there is one market price of risk for each possible jump size. This
follows from the fact that to be hedged against jump risk, we need one instrument for each
possible jump size. To see this consider the following simple example where the stock is
only exposed to jump risk. There are two possible jump sizes x1 and x2, and no diﬀusion
risk. The change in the stock price is given by
dSt = St−(µ − h
PE
P[X])dt + St−x1dN
(1)
t + St−x2dN
(2)
t ,
where dN
(i)
t = 1 (i = 1,2) if a jump of size xi occurs, and zero otherwise. The price of a
derivative contract C is a function of the stock price, and the change in its value is given
by
dCt = Ct−µCdt + Ct−f
C(x1)dN
(1)
t + Ct−f
C(x2)dN
(2)
t ,
where fC(x) is the percentage change in the claim price if the stock jumps by x, and
µC is the drift of the claim price. At the moment, we are not concerned with the exact
functional form of fC and µC. To create a risk-free portfolio, we form a portfolio of the
claim and the hedge instruments which is no longer exposed to any of the risk factors.
With two risk factors, namely a jump of size x1 and a jump of size x2, the situation is
7similar to a trinomial model (where we implicitly assume that the two Poisson processes
do not jump simultaneously), and we need in general two instruments exposed to these
risk factors to eliminate jump risk. The example can be easily generalized to more than
two jump sizes. We need one hedge instrument for every possible jump size, and thus,
there is not one market price of jump risk, but there is one market price of jump risk for
each possible jump size x. Consequently, for a continuous jump size distribution there are
inﬁnitely many market prices of jump risk.
According to equation (5) the total jump premium of the stock can be represented
as the integral over the compensations for each individual jump size x. Obviously, the
exposure of the stock to a jump of size x is just equal to x, and its contribution to the
jump risk premium is equal to this exposure times the diﬀerence hPP(dx) − hQQ(dx)
between the ’intensity of a jump of size x’ under the physical and under the risk-neutral
measure. This diﬀerence thus includes all the information about the pricing of jump of
size x.
If the intensities of a jump of size x are the same under P and Q, a jump of size x in the
stock is not priced. To see what happens if a jump is priced, consider a negative jump size
x < 0 ﬁrst. If the risk neutral intensity is greater than the physical intensity, the diﬀerence
hPP(dx)−hQQ(dx) is negative, and the contribution to the total risk premium is positive.
Intuitively, when it comes to pricing, the investor ’over’-estimates the probability of this
negative jump, that is he demands a compensation for this jump. For a positive jump
the argument goes just the other way around. If its risk-neutral intensity is larger than
the physical intensity, the investor is willing to pay a compensation for this jump and its
contribution to the total jump risk premium is negative.
3.3 Expected Return on a Contingent Claim
We now consider the expected return on a contingent claim written on the stock. Assume
that the change in the claim price C is
dC =
￿
µC − h
PE
P[f
C(X)]
￿
Cdt + σCCdW
S
t + f
C(X)CdNt,
8where µC is the expected return, σC is the volatility of the claim, and the function fC(x)
represents the impact of a jump of size x on the claim price (the problem of determining
these sensitivities will be discussed later on). For ease of notation, we have suppressed any
possible time dependence. Analogously to the expected return on the stock, the expected
return on the claim is given by
µC = r + σCλ
W +
Z ∞
−1
f
C(x)
￿
h
PP(dx) − h
QQ(dx)
￿
.
To determine this expected return we obviously need to know the market prices of diﬀusion
and of jump risk. In the following, we consider empirical procedures (which will be called
’tests’) that try to identify these market prices of risk on the basis of option hedging
errors.
For a continuous jump size distribution, there are inﬁnitely many market prices of
jump risk. This not only complicates their identiﬁcation, but it generally makes jump risk
more diﬃcult to deal with than volatility risk in an SV model. To give a ﬂavor of the
complexity of jump risk, we compare the jump risk premium on a stock to that on a call
written on that stock. In our setup, the call price is an increasing function of the stock
price, so it seems obvious at ﬁrst sight that the jump risk premia on the stock and on the
call must have the same sign. However, there are situations where this conjecture is not
true. Assume hQ > hP and Q(dx) = P(dx). Then the jump risk premium of a contingent
claim C is E
P ￿
fC(X)
￿
(hP − hQ), and it is positive if and only if the mean exposure
E
P ￿
fC(X)
￿
to jumps is negative. For a stock, the mean exposure to jump risk is E
P[X],
since in this case fC(X) = X. For a call option, the mean exposure to jump risk is given
by
E
P ￿
c
SJ(t,St− + St−Xt) − c
SJ(t,St−)|Ft−
￿
.
Here cSJ(t,St) is the call price function cSJ(t,s) evaluated at time t for the current stock
price s = St. For E
P[X] = 0, the mean exposure of the call is positive, since the call
price is convex in the stock price, and the mean exposure of the stock is zero. Thus, the
jump risk premium of the call is negative, whereas the jump risk premium of the stock is
zero. The intuition behind this result is that the investor pays a compensation for positive
9jumps and requires a compensation for negative jumps. Under the assumption E
P[X] = 0,
the negative and positive compensations just cancel out for the stock. The call, on the
other hand, is a convex function of the stock, so that the price increase due to positive
jumps is greater in absolute terms than the price decrease due to negative jumps. The
compensation paid for positive jumps thus exceeds the compensation required for negative
jumps, and the total jump risk premium becomes negative. We can even ﬁnd distributions
for the jump size P(dx), for which the jump risk premium of the stock is positive (with
E
P[X] < 0), while the jump risk premium of an ATM call is negative (since the mean
exposure of the call is still positive). Furthermore, the jump risk premium for a call far in
the money converges towards the jumps risk premium of the stock and is positive, so that
the sign of the jump risk premium of the call even depends on its moneyness. Aagain,
these results highlight the special character of jump risk, since they do not hold, e.g., for
the SV case.
4 Analysis of Expected Hedging Errors
To identify the market prices of jump risk, we use hedging based tests as described in
Section 2. These tests are based on the hypothesis that there is some relation between
the properties of the hedging error, in particular its mean, and the market prices of risk.
We now analyze the EHE to see the actual form of this relationship and to see whether
and how the EHE can be used to infer information about the market prices of jump risk.
We consider diﬀerent delta-hedging strategies for the call, all of which only use the
stock and the money market account. These strategies diﬀer with respect to whether they
are adjusted continuously or only at discrete points in time, and with respect to the hedge
ratio used. This hedge ratio will be given either by the partial derivative of the call price
from the SJ model or from the (in this case mis-speciﬁed) BS model.
The call price CSJ
t is written as CSJ
t = cSJ(t,St). The hedging error over the interval
10from t to t + τ is
D(t,t + τ) =
Z t+τ
t
e
r(t+τ−u) ￿
dC
SJ
u − rC
SJ
u−du − Hu(dSu − rSu−du)
￿
.
The following proposition gives a general representation of the EHE in the SJ model.
Proposition 1 (SJ: EHE for arbitrary hedge ratio) The true model is the SJ model
given by (3). Then the EHE over the interval [t,t + τ] with a hedge ratio of Ht is
E
P[D(t,t + τ)|Ft]
=
Z t+τ
t
e
r(t+τ−u)E
P
￿Z ∞
−1
f
SJ(u,Su−,x)
￿
h
PP(dx) − h
QQ(dx)
￿ ￿
￿ Ft
￿
du
+ (µ − r)
Z t+τ
t
e
r(t+τ−u)E
P
￿
Su
￿
∂cSJ
∂s
(u,Su−) − Hu
￿
|Ft
￿
du, (6)
where
f
SJ(u,s,x) = c
SJ(u,s + sx) − c
SJ(u,s) −
∂cSJ
∂s
(u,s)sx. (7)
Proof: See the appendix. 2
The expression for the EHE in Equation (6) will form the basis for the analysis of the
EHE under ideal conditions as well as for the impact of the discretization error and model
mis-speciﬁcation.
4.1 EHE under Ideal Conditions
4.1.1 Delta hedge
We consider a delta-hedge. The hedge ratio is equal to the partial derivative of the call
price with respect to the stock price, i.e.
Ht =
∂cSJ
∂s
(t,St−).
By plugging this expression into Equation (6) we immediately obtain the following corol-
lary:
11Corollary 1 (SJ: Expected hedging error) The true model is the SJ model given by
(3). The hedge portfolio is rebalanced continuously, the hedge ratio is the partial derivative
of the claim price with respect to the stock price. Then, the EHE over the interval [t,t+τ]
is
E
P ￿
D
c(t,t + τ)
￿
￿ Ft
￿
=
Z t+τ
t
e
r(t+τ−u)E
P
￿Z ∞
−1
f
SJ(u,Su−,x)
￿
h
PP(dx) − h
QQ(dx)
￿ ￿
￿ Ft
￿
du.
Note that this corollary corrects a mistake in a formula given in Bakshi and Kapadia
(2003). For each jump size, the function f is multiplied by the diﬀerence between the
jump intensities under the true and under the risk-neutral measure, whereas in their
formula, the delta of the claim times the jump size (which is last part of the function f
given in (7)) is only multiplied by the jump intensity under the risk-neutral measure.
The expression given in our corollary is the ’ideal’ EHE for continuous trading and a
correctly speciﬁed hedging model. To use this ideal EHE for the purpose of identifying
the market prices of jump risk, we proceed in two steps. First, we consider the structure
of the realized hedging error and explain the EHE by the market prices of jump risk, i.e.
we analyze the relationship between the EHE and the market prices of risk. Secondly, we
try to extract the market prices of risk from the EHE. As stated above there is no such
thing as the market price of jump risk, but rather a market price of jump risk for each
jump size x. Thus, we cannot expect to identify all these risk premia from just one option
hedging error. However, the question of what we can actually learn from an EHE still
remains.
4.1.2 Explaining the ideal EHE
To analyze the ideal EHE in more detail, we consider the realized change of the call price
dCSJ
t . It follows from applying Ito’s lemma to the call price, inserting the fundamental
partial diﬀerential equation and using equations (3) and (5) for the change in the stock
12price and the expected return on the stock:
dC
SJ
t = rC
SJ
t− dt +
∂cSJ
∂s
(t,St−)σSSt−
￿
λ
Wdt + dWt
￿
+
￿
c
SJ(t,St− + St−Xt) − c
SJ(t,St−)
￿
dNt
− E
Q ￿
c
SJ(t,St− + St−Xt) − c
SJ(t,St−)|Ft−
￿
h
Qdt.
The call is obviously exposed to both diﬀusion and jump risk. Its exposure to diﬀusion
risk is measured by the call delta and is a linear function of the diﬀusion risk exposure
of the stock. The exposure to a jump of size x is given by the diﬀerence between the call
value after a jump of size x and the value before, i.e. by
c
SJ(t,St− + St−x) − c
SJ(t,St−).
This expression can be decomposed into two parts, namely the exposure to the price risk
of the stock, which is itself exposed to jump risk, and an additional exposure to jump
risk. The ﬁrst part is again given by the delta:
∂cSJ
∂s
(t,St−)St−x. (8)
For a non-linear contract like a call, there is also some additional exposure to jump risk
which cannot be explained by the delta of the claim. This additional exposure to a jump
of size x is given by the function fSJ from Equation (7) in Proposition 1. For a convex
claim like the call, the additional exposure is positive, irrespective of the sign of the jump
in the stock price.
When we set up a delta hedge, we control for stock price risk, and the remaining
hedging error is explained by the non-hedgeable risks. Diﬀusion risk will be hedged, just
like the indirect jump risk exposure (8). However, the additional jump risk exposure from
Equation (7) cannot be hedged:
Proposition 2 (SJ: Realized hedging error) The true model is the SJ model given
by (3). The hedge portfolio is rebalanced continuously, the hedge ratio is given by the delta
13of the claim. Then, the realized hedging error over the interval [t,t + τ] is
D
c(t,t + τ) =
Z t+τ
t
e
r(t+τ−u)f
SJ(u,Su−,Xu)dNu
−
Z t+τ
t
e
r(t+τ−u)E
Q[f
SJ(u,Su−,Xu)|Fu−]h
Qdu.
For a convex claim the function fSJ is positive. If no jumps occur (dNu ≡ 0), the realized
hedging error for a call will thus be negative. For each jump a positive term is added.
If the stock price jumps often enough and if the jumps are high enough, the realized
hedging error ultimately becomes positive. Note that this result holds irrespective of the
jump directions and irrespective of the market prices of jump risk.
From Proposition 2 we can conclude that the EHE depends on the probability distri-
bution for the jumps. The higher the true probabilities for positive hedging errors in case
of jumps, the higher the EHE. If jump risk is not priced, that is if the jump size has the
same distribution under P and Q and if hP = hQ, the EHE is zero. It is positive if the
physical distribution puts more weight on the jumps, and it is negative if the physical
distribution puts less weight on the jumps than the risk-neutral measure.
The EHE can also be explained by the remaining risk exposure. The exposure of the
hedge portfolio to a stock price jump of size x is given by the additional jump risk exposure
fSJ(t,St−,x) from equation (7), and the compensation is
f
SJ(t,St−,x)
￿
h
PP(dx) − h
QQ(dx)
￿
.
The ideal EHE depends on the compensation for additional jump risk of all possible jump
sizes −1 < x < ∞, i.e. on the integral
Z ∞
−1
f
SJ(t,St−,xt)
￿
h
PP(dx) − h
QQ(dx)
￿
,
as can also be seen in Proposition 1. In the next section, we discuss how this compensation
for additional jump risk depends on the change in the jump intensity and on the change
in the jump size distribution when we move from P to Q.
144.1.3 Linking the Ideal EHE to the Market Prices of Jump Risk
We are now going to discuss what we can learn from the EHE about the market prices of
jump risk. For a continuous jump size distribution, there are inﬁnitely many market prices
of jump risk. It is therefore not possible to identify all market prices of risk even from more
than one EHE without further restrictions. We consider three types of such restrictions.
First, only the jump intensity changes when we switch from the physical measure P to
the risk-neutral measure Q. Second, only the distribution of jump size changes, and third,
both the intensity and the size distribution change. Since the ﬁrst case is the one which
allows the most detailed analysis, we will mainly focus on this scenario and consider the
other two cases only brieﬂy.
In all three cases, we provide numerical examples and analyze how the EHE depends
on the moneyness and on the maturity of the call option. For these examples, we assume
that jumps are lognormally distributed, which results in the Merton (1976) jump-diﬀusion
model. Although this is a simplifying assumption, it seems justiﬁable in the context of our
analysis, since we are only interested in the fundamental properties of SJ models. We sim-
plify the analysis in that we do not evaluate the expectations explicitly, but approximate
the EHE by multiplying the integrand at time t by the length of the hedge interval. If one
was interested in a more detailed analysis of the numerical characteristics of the EHE,
one would have to resort to techniques like Monte-Carlo simulation. In the examples in
this section, we ﬁx the risk-neutral measure. Under Q, we set the jump intensity to 1.0,
and the mean jump size to −0.2. The volatility of the jump size and the volatility of the
stock are both set equal to 0.2. Furthermore, we assume that the market price of diﬀusion
risk is equal to 0.5 so that for the stock, the diﬀusion risk premium is 0.1.
In the case of diﬀerent jump intensities, but equal jump size distributions under P
15and Q the ideal EHE is
E
P ￿
D
c(t,t + τ)
￿
￿ Ft
￿
=
Z t+τ
t
e
r(t+τ−u)E
P
￿Z ∞
−1
f
SJ(u,Su−,x)
￿
h
PP(dx) − h
QQ(dx)
￿
du
￿ ￿ Ft
￿
=
Z t+τ
t
e
r(t+τ−u)E
P ￿
E
Q ￿
f
SJ(u,Su−,Xu)|Fu−
￿
du|Ft
￿
(h
P − h
Q).
It is proportional to the mean additional exposure to jumps which is identical under P and
Q in this case. Once we know the sign of this mean additional exposure, we can infer the
sign of the diﬀerence between the intensities under the physical and under the risk-neutral
measure from the EHE. For a convex claim like a call or put option, fSJ ≥ 0, and so the
mean additional exposure to jumps is also positive. Note that this holds irrespective of
the sign of E
P[X]. So, for convex claims sign(EHE) = sign(hP − hQ).
A graphical sensitivity analysis of the ideal EHE with respect to strike price and
time to maturity is provided in Figure 1. The jump intensity under the true measure is
set to 0.5 and is thus lower than the jump intensity under the risk-neutral measure. In
this case, the ideal EHE from Proposition 1 is negative. It is highest in absolute terms
for ATM options, which exhibit the highest gamma and therefore the most pronounced
non-linearity in their jump size exposure. Concerning the impact of time to maturity, we
have to distinguish between ATM options, where the ideal EHE becomes less negative
with increasing time to maturity, and in-the-money (ITM) and out-of-the-money (OTM)
options, where the ideal EHE is more or less constant with respect to maturity.
When the two jump intensities are equal, but the distributions of the jump size diﬀer
under P and Q the ideal EHE becomes
E
P ￿
D
c(t,t + τ)
￿
￿ Ft
￿
=
Z t+τ
t
e
r(t+τ−u)E
P ￿
E
P ￿
f
SJ(u,Su−,Xu)|Fu−
￿
− E
Q ￿
f
SJ(u,Su−,Xu)|Fu−
￿
|Ft
￿
duh
Q.
It depends on the diﬀerence between the mean exposure under P and under Q. The behav-
ior of the EHE is again analyzed numerically, where we impose the additional restriction
that only the mean jump size diﬀers between the measures P and Q. The graphs in Figure
162 are based on a mean jump size under the physical measure of −0.1, 0, and 0.1, which
imply a jump risk premium for the stock of 0.1, 0.2 and 0.3. The graphs show that for
most options the sign of the EHE is negative. However, for calls slightly out of the money,
the EHE becomes positive, and this eﬀect is the more pronounced with a higher mean
jump size under the physical measure and thus with a larger jump risk premium.
When both the intensity and the distribution of the jump size are diﬀerent under the
two measures, the additional jump risk premium is given by
E
P ￿
D
c(t,t + τ)
￿
￿ Ft
￿
=
hP
hQ
Z t+τ
t
e
r(t+τ−u)E
P ￿
E
P ￿
f
SJ(u,Su−,Xu)|Fu−
￿
− E
Q ￿
f
SJ(u,Su−,Xu)|Fu−
￿
|Ft
￿
duh
Q
+
Z t+τ
t
e
r(t+τ−u)E
P ￿
E
Q ￿
f
SJ(u,Su−,Xu)|Fu−
￿
|Ft
￿
du(h
P − h
Q).
It is equal to the sum of the EHE when only the jump size distribution changes and the
EHE when only the jump intensity changes, where the former is multiplied by the ratio
of the jump intensity under the physical and under the risk-neutral measure.
Finally, we consider the EHE conditional on no jumps. It is given by
E
P ￿
D
c(t,t + τ)
￿
￿ Ft,Nt+τ − Nt = 0
￿
= −
EP
hR t+τ
t er(t+τ−u)EQ[fSJ(u,Su−,Xu)|Fu−]hQdu
￿
￿ Ft,Nt+τ − Nt = 0
i
1 − e−hP·τ .
For small τ this EHE is approximately equal to the negative of the mean exposure times
the intensity, both calculated under the risk-neutral measure. An important implication
of this result is that the EHE conditional on no jumps can be used to learn something
about the term
E
Q[f
SJ(t,St−,Xt)|Ft−]h
Q
by observing the process under the true measure.
Summing up, our results show that it is not possible to identify all market prices of
jump risk just from the ideal EHE for a set of options. Nevertheless, the EHE contains
some useful information about the pricing of jump risk. Under the assumption that only
17jump intensity is priced and that jump size risk is not priced, the sign of the ideal EHE
can be used to infer whether the risk-neutral jump intensity is larger or smaller than the
jump intensity under P.
4.2 Hedging in Continuous Time Under Model Mis-Speciﬁcation
Model mis-speciﬁcation denotes a situation in which a wrong hedge model is used. In
practical applications this is an almost unavoidable risk, so it is of interest to see how
this problem aﬀects the properties of the EHE. In our setup, we capture model mis-
speciﬁcation by wrongly using the BS delta as the hedging coeﬃcient instead of the delta
from the true model. The volatility is set equal to the implied BS volatility of the call to
be hedged, i.e.
Ht =
∂cBS
∂s
(t,St−)
with cBS(u,s) as the call price in the BS model. The EHE is given in the next proposition:
Proposition 3 (SJ: EHE under model mis-speciﬁcation) The true model is the SJ
model given by (3). The hedge portfolio is rebalanced continuously, the hedge ratio is the
BS delta based on the implied volatility. Then, the EHE over the interval [t,t + τ] is
E
P [D
c(t,t + τ)|Ft]
=
Z t+τ
t
e
r(t+τ−u)E
P
￿Z ∞
−1
f
SJ(u,Su−,x)
￿
h
PP(dx) − h
QQ(dx)
￿ ￿
￿ Ft
￿
du
− (µ − r)
Z t+τ
t
e
r(t+τ−u)E
P
￿
∂cBS
∂σ
(u,Su−)
∂σBS
∂m
(u,Mu−)Mu− |Ft
￿
du (9)
where M = K
S is the moneyness of the option, and σBS is its implied volatility which
depends on time t and on moneyness Mt.
Proof: See the appendix.
The ﬁrst term in Equation (9) is the ideal EHE if the partial derivative from the true
jump-diﬀusion model is used (see Corollary 1). The second term arises due to the use of the
BS delta instead of the partial derivative from the SJ model, so that it can be attributed
18to model mis-speciﬁcation. The hedge portfolio is now still exposed to stock price risk,
and the remaining exposure to stock price risk depends on the diﬀerence between the
two deltas. Equation (16) in the appendix shows that the diﬀerence between the deltas
depends on the slope of the implied volatility function. This diﬀerence is multiplied by the
premium µ−r for stock risk exposure, which depends on both the diﬀusion risk premium
and on the premium for jump risk.
Most empirical studies ﬁnd a positive equity risk premium and an implied volatility
which is decreasing in the moneyness of the options. Under these conditions, the second
term in (9) is positive, so that the EHE under model-misspeciﬁcation is greater than the
ideal EHE. Figures 3 provides some numerical examples for the case where only jump
intensity risk is priced. We ﬁx the equity risk premium at 0.2 and vary the proportions of
the diﬀusion risk premium and the jump risk premium. The higher the jump risk premium,
the more negativ is the EHE. Due to model mis-speciﬁcation, the EHE increases, and if
the jump risk premium is low compared to the diﬀusion risk premium, than the sign of
the EHE changes.
4.3 Hedging Error for Discrete Trading
Up to now, the EHE was calculated under the ideal condition of continuous trading. We
now turn to the analysis of the EHE when the hedge is rebalanced discretely. First, we
derive a general formula for the expected hedging error. In a second step, we take a closer
look at the hedging error when the hedge ratio is given by the delta of the claim.
Proposition 4 (SJ: Expected hedging error for discrete trading) The true model
is the SJ model given by (3). Trading is discrete, the hedge ratio over the interval [t,t+τ]
19is constant and equal to Ht. Then, the EHE over the interval [t,t + τ] is
E
P[D
d(t,t + τ)|Ft]
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Z t+τ
t
e
r(t+τ−u)E
P
￿Z ∞
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f
SJ(u,Su−,x)
￿
h
PP(dx) − h
QQ(dx)
￿ ￿ ￿ Ft
￿
du
+ (µ − r)
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￿
Su−
Z u
t
∂2cSJ
∂s2 (v,Sv−)λ
WσSSv−dv|Ft
￿
du
+ (µ − r)
Z t+τ
t
e
r(t+τ−u)
E
P
￿
Su−
Z u
t
Z ∞
−1
g(v,Sv−,x)(1 + x)
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h
PP(dx) − h
QQ(dx)
￿
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￿ ￿
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￿
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￿
∂cSJ
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(t,St−) − Ht
￿Z t+τ
t
e
r(t+τ−u)E
P[Su |Ft]du
where
g(t,s,x) =
∂cSJ
∂s
(t,s + sx) −
∂cSJ
∂s
(t,s).
Proof: See the appendix.
4.3.1 Discretization error
To analyze the pure discretization error, we set the hedge ratio equal to the delta of the
claim in the SJ model.
Corollary 2 (SJ: Discretization error) The true model is the SJ model given by (3).
Trading is discrete, the hedge ratio over the interval [t,t + τ] is constant and equal to the
partial derivative of the claim price w.r.t. the stock price at time t. Then, the EHE over
the interval [t,t + τ] is
E
P[D
d(t,t + τ)|Ft] (10)
=
Z t+τ
t
e
r(t+τ−u)E
P
￿Z ∞
−1
f
SJ(u,Su−,x)
￿
h
PP(dx) − h
QQ(dx)
￿ ￿
￿ Ft
￿
du
+ (µ − r)
Z t+τ
t
e
r(t+τ−u)E
P
￿
Su−
Z u
t
∂2cSJ
∂s2 (v,Sv−)λ
WσSSv−dv|Ft
￿
du
+ (µ − r)
Z t+τ
t
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r(t+τ−u)
E
P
￿
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Z u
t
Z ∞
−1
g(v,Sv−,x)(1 + x)
￿
h
PP(dx) − h
QQ(dx)
￿
dv
￿ ￿
￿ Ft
￿
du
20Proof: Follows directly from Proposition 4.
The ﬁrst term in Equation (10) is again the ideal EHE. The second and third term
represent the discretization error. They arise since in the case of discrete trading, we use
a stale delta, which no longer eliminates stock price risk completely. The importance of
this term depends on the error in the delta and on the equity risk premium µ − r.
The second term in (10) depends on the gamma of the claim. It captures the change in
delta due to the diﬀusion term. This term is proportional to the market price of diﬀusion
risk λW, and it vanishes if this market price of risk is zero. Analogously, the third term
can be attributed to changes in delta caused by jumps in the stock price. The function g
describes the change in delta after a jump of size x and can be interpreted as a ’discrete
gamma’. This term depends on the market prices of jump risk. It vanishes if these market
prices of risk are all equal to zero.
The discretization error, i.e. the sum of the second and third term on the right-hand
side of Equation (10), is in most cases positive, and it is approximately proportional to
the length of the time interval.
4.3.2 Model Mis-Speciﬁcation and Discretization Error
On real-world ﬁnancial markets trading only takes place at discrete points in time. Fur-
thermore, we are exposed to the risk of model mis-speciﬁcation. Both these problems have
an impact on the EHE, and the next corollary shows that their eﬀects are additive.
Corollary 3 (SJ: Model mis-speciﬁcation and discretization error) The true model
is the SJ model given by (3). Trading is discrete, the hedge ratio is the BS delta where the
implied volatility of the claim to be hedged is used. Then, the expected hedging error over
21the interval [t,t + τ] is
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where M =
K
S .
Proof: The result follows directly from Proposition 4 and from Equation (16) for the
relation between the deltas in the BS and SJ model.
The ﬁrst three terms are already known from the previous propositions and corollaries.
The fourth term represents the impact of model mis-speciﬁcation. A comparison with
Proposition 3 shows that the resulting expressions are quite similar. While the term in
Proposition 3 captures the impact of the wrong delta at every point in time, the delta is
ﬁxed here due to discrete trading, and we only have to consider the error in delta at time
t. Again, this error depend on the slope of the implied volatility function.
Figure 4 visualizes the EHE under model mis-speciﬁcation and discrete trading as
a function of the strike price and of the length of the hedge interval. We assume that
only jump intensity, but not jump size is priced and that the ideal EHE is negative. The
equity risk premium is ﬁxed at 0.2, and in the upper graph, the jump risk premium of
the stock is 0.1, while it is equal to 0.05 in the lower graph. As expected, the impact
of the discretization error increases with the length of the hedge interval. The example
shows that it depends on the parameter scenario whether the sign of the EHE changes
due to model mis-speciﬁcation and discrete trading. For a jump risk premium of 0.1 (and
a diﬀusion risk premium of 0.1), the sign of the EHE remains negative as in the ideal case,
22while it is mainly positive for a jump risk premium of 0.05 (and a diﬀusion risk premium
of 0.15). Furthermore, the impact of discretization error and model mis-speciﬁcation are
largest for short term ATM options. Exactly for these options, the ideal EHE is largest
in absolute terms also which makes them basically good candidates for the identiﬁcation
of the market prices of jump risk. However, the results show that ultimately they are of
only limited use for that purpose.
5 Conclusion
A key insight from the analysis in this paper is that jump risk is structurally diﬀerent
from volatility risk. First, there are inﬁnitely many market prices of risk, so the pricing of
jump risk cannot be inferred from the EHE for one option only. Second, jump risk premia
may behave counter-intuitively, e.g. when the sign of the jump risk premium for the stock
is opposite to the sign of this premium for a call option.
In this paper, we analyze the theoretical behaviour of tests that try to infer the market
prices of jump risk from option hedging errors. The closed form expressions show that
the EHE depends on what we call the additional exposure of the contingent claim to
jump risk and on the market prices of jump risk, but also on further ’risk’ factors like
discrete trading or model mis-speciﬁcation. Under ideal conditions, i.e. with continuous
trading and under the correct model, and if only jump intensity is priced, the sign of the
EHE identiﬁes the sign of the diﬀerence between the intensities under the physical and
under the risk-neutral measure. Short-term ATM options would be suited best for this
identiﬁcation, since their EHE is highest.
Concerning the empirical applicability of a hedging based test for the identiﬁcation
of the sign of the market price of jump risk, the unavoidable discretization error causes
the EHE to have additional components for (non-hedged) diﬀusion risk and (non-hedged)
’stock exposure to jump risk’. Under model mis-speciﬁcation the EHE additionally de-
pends on the slope of the implied volatility smile. Again, these additional components are
highest for ATM options. This limits the applicability of the test to identify the market
23prices of jump risk.
Further research could aim at developing tests which are more robust against model
mis-speciﬁcation and discretization error. It might also be of interest to integrate the
results for volatility risk and jump risk, and to analyze the EHE concerning its potential
to help distinguish between these two sources of risk, probably based on a cross-section
of option hedging errors.
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25A Appendix
A.1 Ito for Jump Processes
Assume that the jump-diﬀusion process Y is given by
dYt = µY dt + σY dWt + XtdNt.
Let f be a function of t and y with continuous second derivatives. Then, Itos formula for
jump processes gives
df(t,Yt) =
∂f
∂t
(t,Yt−)dt +
∂f
∂y
(t,Yt−)(dYt − XtdNt) +
1
2
∂2f
∂y2(t,Yt−)σ
2
Y dt
+ [f(t,Yt− + Xt) − f(t,Yt−)]dNt.
For f(y) = ey, we get
de
Yt = e
Yt−
￿￿
µY +
1
2
σ
2
Y
￿
dt + σY dWt
￿
+ e
Yt− ￿
e
Xt − 1
￿
dNt. (11)
A.2 Measure Transform for Jump Processes
Let N be a Poisson process with intensity ht, and let Xt be the stochastic jump size at
time t with measure P(t,dx). To be in line with the jump diﬀusion model in Section 3,
we assume Xt > −1. The change of measure from P to Q is given by the Radon-Nikodym
derivative
ξT =
dQ
dP
, ξt = E
P[ξT|Ft].
This Radon-Nikodym derivative can be represented by
ξt = exp
￿
−
Z t
0
Z ∞
−1
[φ(u,x) − 1]P(u,dx)hudu +
Z t
0
lnφ(u,Xu)dNu
￿
= exp
￿
−
Z t
0
E
P[φ(u,Xu) − 1|Fu−]hudu +
Z t
0
lnφ(u,Xu)dNu
￿
.
where φ is some function of time t and of the jump size X that describes the measure
transform (similar to the term λ in case of a diﬀusion process which captures the change
26in the drift).
The stochastic diﬀerential equation of ξ follows from Equation (11):
dξt = ξt−
￿
−
Z ∞
−1
[φ(t,x) − 1]P(t,dx)htdt + [φ(t,Xt) − 1]dNt
￿
.
Form this expression for dξt, we see that ξ is indeed a P-martingale.
Given this measure transform, the new intensity of the Poisson process under Q, hQ, is
given by
h
Q
t = htE
P [φ(t,Xt)|Ft−],
and the distribution of the jump size under Q is given by
Q(t,dx) =
φ(t,x)
EP [φ(t,Xt)|Ft−]
P(t,dx).
A.3 Proof of Proposition 1
We consider a contingent claim with price CSJ
t = cSJ(t,St). From Itos formula, we get
dC
SJ
t =
∂cSJ
∂t
dt +
∂cSJ
∂s
dSt +
1
2
∂2cSJ
∂s2 σ
2
SS
2dt
+
￿
c
SJ(t,S + SX) − c
SJ(t,S) −
∂cSJ
∂s
SX
￿
dN. (12)
The fundamental partial diﬀerential equation for the claim price is
∂cSJ
∂t
+
∂cSJ
∂s
(r − h
QE
Q[X])S +
1
2
∂2cSJ
∂s2 σ
2
SS
2
+ E
Q ￿
c
SJ(t,S + SX) − c
SJ(t,S)
￿
h
Q = rc
SJ. (13)
Plugging (13) into (12) we obtain
dC
SJ
t = rC
SJdt +
∂cSJ
∂S
(dS − rSdt)
+
￿
c
SJ(t,S + SX) − c
SJ(t,S) −
∂cSJ
∂s
XS
￿
dN
− E
Q
￿
c
SJ(t,S + SX) − c
SJ(t,S) −
∂cSJ
∂s
SX |Ft
￿
h
Qdt.
= rC
SJdt +
∂cSJ
∂S
(dS − rSdt)
+ f
SJ(t,S,X)dN − E
Q ￿
f
SJ(t,S,X)|Ft
￿
h
Qdt, (14)
27where the function f(t,s,x) is given in Equation (7) in Proposition 1. Plugging Equation
(14) into the general formula (1) for the hedging error gives
D
c(t,t + τ) =
Z t+τ
t
e
r(t+τ−u)
￿
∂cSJ
∂s
(u,Su−) − Hu
￿
(dSu − rSu−du)
+
Z t+τ
t
e
r(t+τ−u)f
SJ(u,Su−,Xu)dNu
−
Z t+τ
t
e
r(t+τ−u)E
Q ￿
f
SJ(u,Su−,Xu)|Fu
￿
h
Qdu
Taking expectations gives the proposition. 2
A.4 Proof of Proposition 3
From Proposition 1 we get
E
P ￿
D
c(t,t + τ)
￿
￿ Fti
￿
=
Z t+τ
t
e
r(t+τ−u)E
P
￿Z ∞
−1
f
SJ(u,Su−,x)
￿
h
PP(dx) − h
QQ(x)
￿
|Ft
￿
du
+ (µ − r)
Z t+τ
t
e
r(t+τ−u)E
P
￿￿
∂cSJ
∂s
−
∂cBS
u
∂s
￿
Su |Ft
￿
du. (15)
To analyze the diﬀerence between the deltas in the BS and the SJ model, we start from
the deﬁnition of the implied volatility σBS(t,St,K):
c
BS ￿
t,St,σ
BS(t,St,K)
￿
= c
SJ (t,St).
Diﬀerentiating once w.r.t. the stock price gives
∂cBS
∂s
￿
t,St,σ
BS(t,St,K)
￿
+
∂cBS
∂σ
￿
t,St,σ
BS(t,St,K)
￿
·
∂σBS
∂s
(t,St) =
∂cSJ
∂s
(t,St)
so that the diﬀerence between the two hedge ratios is
∂cSJ
∂s
(t,St) −
∂cBS
∂s
￿
t,St,σ
BS(t,St,K)
￿
=
∂cBS
∂σ
￿
t,St,σ
BS(t,St,K)
￿
·
∂σBS
∂s
(t,St).
This expression can be simpliﬁed by noting that in the BS model the call price is a positive
homogenous function of the stock price and of the strike so that
σ
BS (t,St,K) = σ
BS (t,1,Mt)
28where the moneyness Mt is deﬁned as Mt = K
St. This implies
∂σBS
∂S
(t,St) = −
∂σBS
∂Mt
(t,1,Mt)
K
S2
t
.
Finally, we get
∂cSJ
∂s
(t,St) −
∂cBS
∂S
￿
t,St,σ
BS(t,St,K)
￿
= −
∂cBS
∂σ
￿
t,St,σ
BS(t,St,K)
￿
·
∂σBS
∂m
(t,Mt,1)
K
S2
t
. (16)
Plugging this into (15) gives the proposition. 2
A.5 Proof of Proposition 4
From Proposition 1, we know that the EHE is equal to
E
P ￿
D
c(t,t + τ)
￿
￿ Fti
￿
=
Z t+τ
t
e
r(t+τ−u)E
P
￿Z ∞
−1
f
SJ(u,Su−,x)
￿
h
PP(dx) − h
QQ(x)
￿
|Ft
￿
du
+ (µ − r)
Z t+τ
t
e
r(t+τ−u)E
P
￿￿
∂cSJ
∂s
(u,Su−) − Hu
￿
Su |Ft
￿
du.
For Hu ≡ Ht, the EHE can be decomposed into
E
P[D(t,t + τ)|Ft]
=
Z t+τ
t
e
r(t+τ−u)E
P
￿Z ∞
−1
f
SJ(u,Su−,x)
￿
h
PP(dx) − h
QQ(x)
￿
|Ft
￿
du
+ (µ − r)
￿
∂cSJ
∂s
(t,St−) − Ht
￿Z t+τ
t
e
r(t+τ−u)E
P[Su |Ft]du
+ (µ − r)
Z t+τ
t
e
r(t+τ−u)E
P
￿￿
∂cSJ
∂s
(u,Su−) −
∂cSJ
∂s
(t,St−)
￿
Su |Ft
￿
du. (17)
We ﬁrst derive an expression for the diﬀerence
∂cSJ
∂s
(u,Su−) −
∂cSJ
∂s
(t,St−)
of the partial derivatives at time u and at time t. Applying Ito’s lemma yields the stochastic
diﬀerential equation for the partial derivative:
d
∂c
∂s
(t,St−) =
∂2c
∂s∂t
(t,St−)dt +
∂2c
∂s2(t,St−)(dSt − XSt−dNt) +
1
2
∂3c
∂s3(t,St−)σ
2
SS
2
t−dt
+
￿
∂c
∂s
(t,St− + St−Xt) −
∂c
∂s
(t,St−)
￿
dNt. (18)
29To simplify this expression, we diﬀerentiate the fundamental partial diﬀerential equation
(13) for the claim price with respect to s:
∂2cSJ
∂t∂s
(t,s) +
∂2cSJ
∂s2 (t,s)
￿
r − h
QE
Q[X]
￿
s +
∂cSJ
∂s
(t,s)
￿
r − h
QE
Q[X]
￿
+
1
2
∂3cSJ
∂s3 (t,s)σ
2
Ss
2 +
∂2cSJ
∂s2 (t,s)σ
2
Ss
+E
Q
￿
∂cSJ
∂s
(t,s + sX)(1 + X) −
∂cSJ
∂s
(t,s)|Ft−
￿
h
Q = r
∂cSJ
∂s
(t,s),
where we assume that σS, hQ, and E
Q[X] are constant. After simplifying, we obtain
∂2cSJ
∂t∂s
(t,s) +
∂2cSJ
∂s2 (t,s)
￿
r + σ
2
S − h
QE
Q[X]
￿
s +
1
2
∂3cSJ
∂s3 (t,s)σ
2
Ss
2
+E
Q [g(t,s,X)(1 + X)|Ft−]h
Q = 0 (19)
where
g(t,s,x) =
∂c
∂s
(t,s + sx) −
∂c
∂s
(t,s).
Plugging Equation (19) into (18) yields
d
∂cSJ
∂s
(t,St−) =
∂2cSJ
∂s2 (t,St−)
￿
dSt −
￿
r + σ
2
S
￿
St−dt − XSt−dNt + h
QE
Q[X]St−dt
￿
+ g(t,St−,Xt)dNt − E
Q [g(t,St−,Xt)(1 + Xt)|Ft−]h
Qdt
=
∂2cSJ
∂s2 (t,St−)St−
￿￿
−σ
2
S + σSλ
W￿
dt + σSdWt
￿
+ g(t,St−,Xt)dNt − E
Q [g(t,St−,Xt)(1 + Xt)|Ft−]h
Qdt.
Integrating from t to u gives
∂c
∂s
(u,Su−) −
∂c
∂s
(t,St−)
=
Z u
t
∂2c
∂s2(v,Sv−)
￿￿
−σ
2
s + σSλ
W￿
Sv−dv + σSSv−dWv
￿
+
Z u
t
g(v,Sv−,Xv)dNv −
Z u
t
E
Q [g(v,Sv−,Xv)(1 + Xv)|Fv−]h
Qdv. (20)
The term that enters the expected hedging error (17) is
E
P
￿￿
∂cSJ
∂s
(u,Su−) −
∂cSJ
∂s
(t,St−)
￿
Su |Ft
￿
= E
P[Su|Ft]E
P S
￿
∂cSJ
∂s
(u,Su−) −
∂cSJ
∂s
(t,St−)|Ft
￿
, (21)
30where the measure P S is deﬁned by
dP S
dP
=
ST
E
P[ST]
.
For the second factor on the right-hand side of (21), plugging in (20) gives
E
P S
￿
∂cSJ
∂s
(u,Su−) −
∂c
∂s
(t,St−)|Ft
￿
= E
P S
￿Z u
t
∂2c
∂s2(v,Sv−)
￿￿
−σ
2
s + σSλ
W￿
Sv−dv + σSSv−dWv
￿
+
Z u
t
g(v,Sv−,Xv)dNv −
Z u
t
E
Q [g(v,Sv−,Xv)(1 + X)|Fv−]h
Qdv|Ft
￿
.(22)
The Wiener process W P S is given by
dW
P S
u = dWu − σSdu.
From the formulas for the measure transform given in Appendix A.2, we see that the
intensity of the Poisson process under P S, hP S, is equal to hPEP[X] or equivalently
hP(1 + E
P[X]). The distribution of the jump size has the Radon-Nikodym-derivative
P S(dx)
P(dx)
=
x + 1
E
P[X] + 1
.
Equation (22) then becomes
E
P S
￿
∂cSJ
∂s
(u,Su−) −
∂c
∂s
(t,St−)|Ft
￿
= E
P S
￿Z u
t
∂2c
∂s2(v,Sv−)λ
WσSSv−dv +
Z u
t
g(v,Sv−,Xv)h
P(1 + E
P[X])dv
−
Z u
t
E
Q [g(v,Sv−,Xv)(1 + Xv)|Fv−]h
Qdv
￿
￿
￿ Ft
￿
. (23)
Now, we calculate the expectation of the last two terms conditional on Fv−:
E
P S ￿
g(v,Sv−,Xv)(1 + E
P[X])|Fv−
￿
h
P − E
Q [g(v,Sv−,Xv)(1 + Xv)|Fv−]h
Q
= E
P
￿
1 + Xv
1 + E
P[X]
g(v,Sv−,Xv)(1 + E
P[X])|Fv−
￿
h
P − E
Q [g(v,Sv−,Xv)(1 + Xv)|Fv−]h
Q
= E
P [g(v,Sv−,Xv)(1 + Xv)|Fv−]h
P − E
Q [g(v,Sv−,Xv)(1 + Xv)|Fv−]h
Q
31Collecting terms, the expected diﬀerence (23) of the hedge ratios is
E
P S
￿￿
∂cSJ
∂s
(u,Su−) −
∂cSJ
∂s
(t,St−)
￿
Su |Ft
￿
= E
P S
￿Z u
t
∂2c
∂s2(v,Sv−)λ
WσSSv−dv
+
Z u
t
Z ∞
−1
g(v,Sv−,x)(1 + x)
￿
h
PP(dx) − h
QQ(dx)
￿
dv
￿
￿
￿ Ft
￿
Plugging this into equation (17), we get the expected hedging error:
E
P[D(t,t + τ)|Ft]
=
Z t+τ
t
e
r(t+τ−u)E
P
￿Z ∞
−1
f
SJ(u,Su−,x)
￿
h
PP(dx) − h
QQ(x)
￿
|Ft
￿
du
+ (µ − r)λ
W
Z t+τ
t
e
r(t+τ−u)E
P[Su |Ft]E
P S
￿Z u
t
∂2c
∂s2(v,Sv−)σSSv−dv|Ft
￿
du
+ (µ − r)
Z t+τ
t
e
r(t+τ−u)E
P[Su |Ft]
E
P S
￿Z u
t
Z ∞
−1
g(v,Sv−,x)(1 + x)
￿
h
PP(dx) − h
QQ(dx)
￿
dv
￿ ￿
￿ Ft
￿
du
+ (µ − r)
￿
∂cSJ
∂s
(t,St−) − Ht
￿Z t+τ
t
e
r(t+τ−u)E
P[Su |Ft]du
Changing the measure back from P (S) to P gives the proposition. 2
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Figure 1: Ideal EHE when jump intensity is priced
The ’instantaneous’ EHE for a call option under continuous trading and when the
correct model is used is shown as a function of the strike price and the time to
maturity. Instead of calculating the EHE over a discrete time interval of length τ,
we use the integrand at time t = 0 which is the instantaneous EHE per unit of time.
The jump risk parameters are σX = 0.2, EQ[X] = −0.2, hQ = 1.0, EP[X] = −0.2,
hP = 0.5, the other parameters are S0 = 100, r = 0.0, σS = 0.2, λW = 0.5. The
jump risk premium on the stock is thus equal to EP[X]hP − EQ[X]hQ = 0.1, and
the diﬀusion risk premium is σSλW = 0.1.
330.1
0.2
0.3
0.4
0.5
TTM 60.
80.
100.
120.
140.
Strike
-4
-2
0
0.1
0.2
0.3
0.4 TTM
0.1
0.2
0.3
0.4
0.5
TTM 60.
80.
100.
120.
140.
Strike
-7.5
-5
-2.5
0
2.5
0.1
0.2
0.3
0.4 TTM
0.1
0.2
0.3
0.4
0.5
TTM 60.
80.
100.
120.
140.
Strike
-5
0
5
0.1
0.2
0.3
0.4 TTM
Figure 2: Ideal EHE when jump size is priced
The ’instantaneous’ EHE for a call option under continuous trading and when the
correct model is used is shown as a function of the strike price and the time to
maturity. Instead of calculating the EHE over a discrete time interval of length τ,
we use the integrand at time t = 0 which is the instantaneous EHE per unit of time.
The jump risk parameters are σX = 0.2, EQ[X] = −0.2, hQ = 1.0, hP = 1.0, and,
EP[X] = −0.1,0.0,0.1 (from top to bottom), the other parameters are S0 = 100,
r = 0.0, σS = 0.2, λW = 0.5. The jump risk premium EP[X]hP − EQ[X]hQ on the
stock is thus equal to 0.1,0.2,0.3 (again from top to bottom), and the diﬀusion risk
premium is σSλW = 0.1. 340.
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Figure 3: EHE under model mis-speciﬁcation when jump intensity is priced
The ’instantaneous’ EHE for a call option under continuous trading is shown as
a function of the strike price and the ratio of the jump risk premium to the total
equity risk premium. In the upper graph, the correct model is used, whereas in the
lower graph, there is model mis-speciﬁcation. Instead of calculating the EHE over
a discrete time interval of length τ, we use the integrand at time t = 0 which is
the instantaneous EHE per unit of time. The jump risk parameters are σX = 0.2,
EQ[X] = −0.2, hQ = 1.0, EP[X] = −0.2, and hP is chosen such that the jump
risk premium EP[X]hP − EQ[X]hQ on the stock varies from 0.0 to 0.2. The other
parameters are S0 = 100, r = 0.0, σS = 0.2, and λW is chosen such that the total
risk premium on the stock is constant and equal to 0.2
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Figure 4: EHE under model mis-speciﬁcation and discrete trading when jump intensity is
priced
The EHE for a call option under discrete trading and model mis-speciﬁcation is
shown as a function of the strike price and the length of the hedging interval. Instead
of evaluating the integral over the discrete time interval of length τ, we approximate
it by the integrand at time t = 0 times the length of the time interval. The jump
risk parameters are σX = 0.2, EQ[X] = −0.2, hQ = 1.0, EP[X] = −0.2, and
hP = 0.5,0.75 (from top to bottom) so that jump risk premium EP[X]hP −EQ[X]hQ
on the stock is 0.1 in the upper graph and 0.05 in the lower graph. The other
parameters are S0 = 100, r = 0.0, σS = 0.2, and λW = 0.5,0.75 (again, from top
to bottom) so that the diﬀusion risk premium is 0.1 in the upper graph and 0.15 in
the lower graph which gives a total equity risk premium of 0.2 in both graphs.
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